We study the phase oscillator networks with distributed natural frequencies and classical XY models both of which have a class of infinite-range interactions in common. We find that the integral kernel of the self-consistent equations (SCEs) for oscillator networks correspond to that of the saddle point equations (SPEs) for XY models, and that the quenched randomness (distributed natural frequencies) corresponds to thermal noise. We find a sufficient condition that the probability density of natural frequency distributions is one-humped in order that the kernel in the oscillator network is strictly decreasing as that in the XY model. Furthermore, taking the uniform and Mexican-hat type interactions, we prove the one to one correspondence between the solutions of the SCEs and SPEs. As an application of the correspondence, we study the associative memory type interaction. In the XY model with this interaction, there exists a peculiar one-parameter family of solutions. For the oscillator network, we find a non-trivial solution, i.e., a limit cycle oscillation.
Synchronization phenomena prevail in nature [1, 2] and have attracted many researchers.
Among others, Winfree studied biological rhythms and introduced a phase description [3] .
Later, Kuramoto proposed a seminar model of synchronization-desynchronization transitions, the so called Kuramoto model [4] . Since then, a lot of studies on the Kuramoto model and its extensions have been done [5, 6] . On the other hand, the classical XY models have been studied intensively and extensively mainly for short range interactions [7] . If the interactions are the same, complex order parameters are also the same in both models.
In the course of the study of a phase oscillator network with an infinite-range interaction [8] , we investigated the classical XY model with the same interaction and found complex order parameters obey similar equations in both models [9] .
It is obvious that the phase oscillator network with the uniform natural frequency is equivalent to the classical XY model with temperature 0 if the interaction is common in two models. In this paper, we report that even for the phase oscillator network with distributed natural frequencies and the XY model with non-zero temperature, there exists some correspondence between them. We treat a class of interactions for which the Hamiltonian is expressed by order parameters, and derive the correspondence of probability density functions for phases, and that between the self-consistent equations (SCEs) for the phase oscillator network and the saddle point equations (SPEs) for the XY model. We also find a sufficient condition for the probability density of natural frequency distributions in order that the precise correspondence holds in both models, and that the quenched randomness corresponds to thermal noise. Furthermore, we study the uniform interaction and the Mexican-hat type interaction on a circle, and prove the one to one correspondence of the solutions in both models. Finally, as an application, we study the associative memory type interaction. For the XY model with this interaction, there exists a peculiar solution, i.e., one-parameter family of solutions which we call the continuous solution [10] . By the correspondence, we immediately obtain the SCEs for the oscillator network. We theoretically and numerically study both models and find the continuous solution changes to a noisy limit cycle oscillation in the oscillator network.
Phase oscillator network
Let us consider N phase oscillators. Let φ ′ j be the phase of the jth oscillator, and assume that it obeys the following differential equation:
Here, ω j is natural frequency and it is drawn from the probability density g(ω). We assume that J jk = J kj , the mean value of ω is ω 0 , and g(ω) is symmetric with respect to ω 0 ,
We put φ j = φ ′ j − ω 0 and define A j and α j by
Since we have an interest in stationary states, we assume A j and α j do not depend on time.
By defining ψ j = φ j − α j , the evolution equation becomes
Letn(φ ′ , t, j) be the probability density of φ ′ for the jth oscillator at time t. Assuming stationary rotation of the probability density and definingn(φ
Its stationary solution is
where n s and n ds are densities for the synchronized and desynchronized oscillators, respectively. For the stable synchronized oscillators, we get
XY model
The classical XY spins are denoted by X j = (cos φ j , sin φ j ), j = 1, 2, · · · , N. The Hamiltonian is given by
where C = j J jj /2. The equilibrium state is described by the canonical distribution, P eq = e −βH /Z where Z is the partition function, β = 1/T and T is the temperature. We put k B = 1.
Interaction and Order parameters
We consider the following interaction:
where a l > 0 and q l,j are real numbers. We define the order parameters as
Therefore, in the XY model, the Hamiltonian is expressed as
By using the saddle point method, we obtain the partition function and the probability density function n(φ, j) of φ j for the jth spin as
Here, I n (x) is the nth order modified Bessel function,
n(φ, j) is the so called von Mises distribution. This function corresponds to (8) . The SPEs are
Furthermore, we obtain the following relation from Eqs. (3) and (10):
In the oscillator network, the SCEs are
Due to the assumption (2), the desynchronized solutions do not contribute to the order parameters.
Correspondence of integration kernels and that of randomness Let us define the following functions and coefficients:
Using these functions and Eq. (20), SPEs (19) and SCEs (21) are rewritten as
From these equations, we findḡ ω 0 ,σ (x) andū β (x) correspond. If we derive the concrete equations for order parameters in one model, we immediately obtain them in the other model. We call these functions the integration kernels because these equations become integration equations in some cases as seen later. Furthermore, from the value of the kernels at x = 0, we have the following correspondence:
where the expression in the parentheses is for the Gaussian distribution, and σ is the standard deviation of the natural frequency ω. The correspondence (27) is also derived by comparing the phase transition points in both models. Equation (27) implies that the temperature corresponds to the width of distribution of the natural frequency around the center ω 0 , that is, thermal noise corresponds to the quenched randomness.
Sufficient condition that both kernels have the same property ū β (x) andḡ ω 0 ,σ (x) take a finite value at x = 0, and tend to 0 as x tends to ∞. In addition to these properties,ū β (x) has the following property:
g ′ (ω) < 0 for ω > ω 0 is a sufficient condition for the property (28), that is g(ω) has a single maximum at ω 0 and is strictly decreasing for ω > ω 0 . Hereafter, we assume this property for g(ω). By using these properties, we prove the correspondence of solutions in the followings.
Correspondence of solutions
The order parameter is defined as
The Hamiltonian is H = −J 0 N(R 
On the other hand, for the XY model, from Eq. (26) we obtain the SCE as
Let us define v(x) andJ 0 as follows:
We put x = J 0 R and ξ = 1/J 0 . Then, SCE and SPE become
Since v(0) = 1 and v(x) decreases monotonically to 0 as x increases from 0 to infinity, for any ξ ∈ (0, 1], eq. (34) has the unique solution. Thus, there is one to one correspondence between solutions of the SPE and SCE. The critical point isJ 0 = 1.
Mexican-hat type interaction
Now, let us consider the system on a circle. We study the Mexican-hat type interaction which is given by
where θ j is the coordinate on the circle, θ j = 2πj/N, j = 0, 1, · · · , N − 1. The order parameters other than R are defined as
We define 
We put x = J 1 R 1c and η = 1/J 1 . The SCE and SPE become
Therefore, for any η ∈ (0, 1/2], there exists the unique solution of (39). Thus, the solutions for the SCE and SPE correspond uniquely. The critical point isJ 1 = 2.
Next, we study the stable pendulum solution. We define x = J 0 R and y = J 1 R 1 . The SCEs and SPEs become
where Λ(x, y, θ) = x 2 + y 2 cos 2 θ. We get
Thus, for fixed x ≥ 0, F (x, y) is a decreasing function of y. For ξ ∈ (0, 1], there is the unique solution of v(x) = ξ. We denote it by x 0 = v −1 (ξ). Note that x 0 = 0 = v −1 (1). Therefore, for any x ∈ [0, x 0 ] there exists the unique solution of (40),
We have relations y(ξ, x 0 ) = 0 and y(1, 0) = 0. Substituting eq. (46) into eq. (41) we get
It is proved that G(x, y(ξ, x)) is a strictly increasing function of x for x > 0. Since y(ξ, x)
(47) uniquely exists. y(ξ, 0) is determined by
On the other hand, because of v(x 0 ) = ξ, G(x 0 , y(ξ, x 0 )) is given by
Thus, defining η 0 (ξ) ≡ G(0, y(ξ, 0)), for η 0 (ξ) ≤ η ≤ ξ/2, the solution of eq. (47) uniquely exists. The condition η ≤ ξ/2 implies J 1 ≥ 2J 0 , and this is the condition that the Pn solution emerges from the U solution [8, 9] . On the other hand, the condition η = η 0 (ξ) is considered to be that the stable Pn solution becomes unstable and then disappears by merging with the unstable S solution.
Application Now, let us consider an application of the correspondence between the two models. To obtain non-trivial results, we study the following associative memory type interaction:
where
is the µth pattern (µ = 1, 2, · · · , p). That is, a µ = J, q µ,j = ξ µ j . We assume that p ≪ N and ξ µ i take values of ±1, and correlate with each other as follows:
The XY model with this interaction has a peculiar solution, that is, there exists oneparameter family of solutions of the SPEs [10] . We call this solution the continuous solution.
Here, we derive the SPEs of this solution. We introduce sublattices Λ l in which the following holds:
The number of elements in
Order parameters are defined as
The Hamiltonian is rewritten as
From Eq. (19) the SPEs become
where Ξ j is redefined as Ξ j in Eq. (15) divided by J. x j = βJΞ j , and · implies the average over {ξ j }. We define the probability P l that {ξ µ i } take values in the lth sublattice. The SPEs are rewritten as
where u l = u(x l ), x l = βJΞ l , and Ξ l is Ξ j evaluated at the lth sublattice. By defining R = µ R 2 µ , we obtain additional equations from Eqs. (58) and (59) as
The SPEs of the continuous solution are
Hereafter, we study the case a = 0 for simplicity. For p = 2, from (63),
and thus x 1 = x 2 follow. From (61), we obtain R = Ξ 1 = x 1 /(βJ). Thus, the SPE is rewritten asū
which determines R. Thus, the continuous solution is given by
This implies that any point (R 1 , R 2 ) on the circle connecting two points representing patterns ξ 1 and ξ 2 is a solution. For general p, the circle connecting any two points representing patterns ξ µ and ξ ν is a continuous solution. We performed Markov chain Monte Carlo (MCMC) simulations for p = 2 and 3. We show the result for p = 2 in Fig. 1 . We note that the trajectories of R 1 and R 2 wander but R is almost constant. As seen from 
This is simply the SCE of the Kuramoto model. Since we have the same relation as Eq.
(65), we also obtain the continuous solution. We performed numerical integrations of Eq.
(1) for p = 2 and 3. We took a Gaussian distribution with a mean 0 and a standard deviation σ for g(ω). We used the Euler method with the time increment ∆t = 0.1. See   Fig. 2 . There should exist continuous stationary states, but instead, we found a noisy limit In summary, we studied the correspondence between the phase oscillator networks and the classical XY models with the same infinite-range interactions. Assuming a class of interactions, we found the correspondence between the integration kernel of the SCEs for the oscillator network and that of the SPEs for the XY model. We found a sufficient condition that the integration kernel of the SCEs for the oscillator network has the same feature as that of the SPEs for the XY model. That is, the probability density of the natural frequency distribution is one-humped. Furthermore, we found that the quenched randomness (distributed natural frequencies) corresponds to thermal noise. To study the correspondence of solutions in both models, we investigated the uniform interaction and the Mexican-hat type interaction on a circle. We proved that the solutions uniquely correspond in both models. As an application of the correspondence, we studied the associative memory type interaction, for which the XY model has a peculiar one-parameter family of solutions called the continuous solution. We found that the continuous solution is not stable for the oscillator network, and instead a noisy limit cycle appears, which lies on the manifold that the continuous solutions exist. We consider that this is caused by the desynchronized oscillators and is a finite size effect.
When g(ω) is the uniform distribution which is not one-humped, we can prove the one to one correspondence of solutions for some interactions in both models. This will be reported elsewhere.
For the interactions studied in this paper, there exist several types of solutions, and we found that the stabilities of the corresponding solutions in both models are the same except for the continuous solution. In order to study the stability of a solution for the oscillator network, we have to derive the evolution equations for order parameters and it is a very difficult problem to solve [11] . The correspondence of stabilities of solutions in both models is left as a future problem.
